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Abstract
Using chiral symmetry we investigate the leading SU(3) violation in the complete set of quark
twist-3 light-cone distribution functions of the pion, kaon, and eta, including the two-parton distri-
butions φpM , φ
σ
M , and the three-parton distribution φ
3
M . It is shown that terms non-analytic in the
quark masses do not affect the shape, and only appear in the normalization constants. Predictive
power is retained including the leading analytic mq operators. With the symmetry violating cor-
rections we derive useful model-independent relations between φp,σ,3pi , φ
p,σ,3
η , φ
p,σ,3
K+,K0
, and φp,σ,3
K¯0,K−
.
We also comment on the calculations of the moments of these distributions using lattice QCD and
light-cone sum rules.
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I. INTRODUCTION
Meson light cone distribution functions (LCDFs) play important roles in high energy
hadronic exclusive processes [1–5]. The same LCDFs contribute in many processes relevant
to measuring fundamental parameters of the Standard Model [6], such asB → πℓν, ηℓν which
give the Cabibbo-Kobayashi-Maskawa (CKM) quark-mixing matrix element |Vub|, B → Dπ
used for tagging, and B → ππ,Kπ,KK¯, πη, . . . which are important for measuring CP
violation.
With the increasing accuracy in data from the B factories, the flavor dependence in
LCDFs becomes important to understand the flavor symmetry breaking in processes like
B →MM ′ and B →MV , whereM and V are pseudoscalar and vector mesons, respectively.
In Ref. [7], chiral perturbation theory (ChPT) was first applied to study the leading SU(3)
symmetry breaking effects in twist-2 LCDFs φPM(x). It was shown that terms non-analytic
in the quark masses do not affect the shape, and only appear in the normalization constants.
Furthermore, with the symmetry violating corrections useful model-independent relations
between φPpi , φ
P
η , φ
P
K+,K0, and φ
P
K¯0,K−
were derived.
Recently ChPT has also been applied to the computation of hadronic twist-2 matrix
elements [8, 9]. Many applications have been worked out, e.g., chiral extrapolations of lattice
data [10–13], generalized parton distributions [14–16], large NC relations among nucleon and
∆-resonance distributions[9], soft pion productions in deeply virtual Compton scattering [17–
19], pion-photon transition distributions [20] and exclusive semileptonic B decays [21]. The
method is also generalized to the multi-nucleon case [19, 22].
In this paper, we apply ChPT to higher twist matrix elements. We study the leading
SU(3) symmetry breaking in the complete set of quark twist-3 LCDFs, including the two-
parton distributions φpM , φ
σ
M , and the three-parton distribution φ
3
M . Although those twist-
3 contributions are parametrically suppressed by inverse powers of large scales, they are
numerically important in B → MM ′, B → MV [2] and the meson electromagnetic form
factor [23].
In the following sections, we will first summarize our main results on the leading SU(3)
symmetry breaking of LCDFs, then study the three twist-3 LCDFs sequentially. Finally, we
will comment on calculations of those quantities using lattice QCD [24–26] and light cone
sum rules [27–32].
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II. SUMMARY OF RESULTS
The two-parton LCDFs for pseudoscalar meson M are defined by the matrix element of
the quark bilinear operator [34]
〈M b(p)|q¯′β(
y
2
n) [
y
2
n,−y
2
n]λaqα(−y
2
n)|0〉 = i
4
δab
∫ 1
0
dx ei(x−1/2) yp·n
{
fPMp/γ5 φ
P
M(x, µ)
−γ5
(
f pMφ
p
M(x, µ)−
y
6
fσMσµν p
µnν φσM(x, µ)
)}
αβ
.(1)
where n is a constant light-like vector, n2 = 0 and our octet matrices are normalized so that
tr[λaλb] = δab. [
y
2
n,−y
2
n] denotes the Wilson line connecting the quark bilinear located at
different space-time points on a light cone. φPM is a twist-2 LCDF while φ
p
M and φ
σ
M are
twist-3 LCDFs for pseudoscalar meson M . x is the quark momentum fraction and µ is the
perturbative QCD renormalization scale. For simplicity we work in the isospin limit and the
MS scheme, and normalize the distributions so that
∫
dx φiM(x, µ)=1 with i = P , p, σ.
Generically from chiral symmetry the leading order SU(3) violation for φiM takes the form
[M=π,K, η]
φiM(x, µ)=φ
i
0(x, µ) +
∑
N=pi,K,η
m2N
(4πf)2
[
EN,iM (x, µ) ln
(m2N
µ2χ
)
+FN,iM (x, µ, µχ)
]
. (2)
The functions φi0 , E
N,i
M , and F
N,i
M are independent of mq, and are only functions of ΛQCD,
µ, and x. FN,iM also depends on the ChPT dimensional regularization parameter µχ which
cancels the ln(m2N/µ
2
χ) dependence, so by construction φ
i
M is µχ independent. Throughout
the text, η denotes the purely octet meson.
Using ChPT, we found very similar results to the twist-2 case [7] at leading order in
SU(3) violation [O(mq)] :
1) The twist-2 and twist-3 LCDFs are analytic in mq, meaning that
Epi,iM (x) = 0 , E
K,i
M (x) = 0 , E
η,i
M (x) = 0 . (3)
The leading logarithmic corrections can all be absorbed by the normalization constants f iM .
2) By charge conjugation and isospin symmetry,
φipi(x) = φ
i
pi(1− x) , φiη(x) = φiη(1− x) . (4)
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And by isospin symmetry
φiK+(x) = φ
i
K0(x) , φ
i
K−(x) = φ
i
K
0(x) . (5)
These two equations are true to all orders in mq.
3)
φiK+(x)− φiK+(1− x) = φiK−(1− x)− φiK−(x) = (ms −m) δφi(x) , (6)
where δφi(x) is mq independent.
4) Gell-Mann-Okubo-like relations exist among the octet mesons
φipi(x) + 3φ
i
η(x) = 2[φ
i
K+(x) + φ
i
K−(x)] . (7)
5) The three-parton LCDFs also have relations similar to 1)-4) [see Eqs.(66-68)].
6) Statements 1)-5) are still true in quenched and partially quenched simulations, and
with the leading finite volume and finite lattice spacing corrections.
7) The light cone sum rule results [32] for twist-3 Gegenbauer moments are consistent
with the ChPT prediction [i = p, σ]
4aK,i2 = a
pi,i
2 + 3a
η,i
2 . (8)
The analogous ChPT relation for twist-2 moments puts a tight constraint on the numerical
values of aM,P2 .
III. TWO-PARTON LCDFS
The operator product expansion of the non-local quark bilinear operator in Eq.(1) gives
rise to the twist-2 operator OP,ak and twist-3 operators O
p,a
k and (O
σ,a
k )
µν
:
OP,ak = ψ n/γ5λ
a
(
in·←→D
)
k ψ (9)
Op,ak = ψγ5λ
a
(
in · ←→D
)k
ψ, (10)
(Oσ,ak )
µν
= ψσµνγ5λ
a
(
in · ←→D
)k+1
ψ, (11)
where
←→
D =
←−
D − −→D and k = 0, 1, 2, . . . Here having the vector indices dotted into
nµ0 · · ·nµk(+1) has automatically projected onto the symmetric and traceless part. The matrix
4
elements of these operators yield
〈M b (p) |OP,ak |0〉 = −ifPMδab(n·p)k+1
〈
zk
〉P
M
, (12)〈
M b (p) |Op,ak |0
〉
= −if pMδab(n · p)k
〈
zk
〉p
M
, (13)〈
M b (p) | (Oσ,ak )µν |0
〉
= −k + 1
3
fσMδ
ab(n · p)k (pµnν − pνnµ) 〈zk〉σ
M
, (14)
where z ≡ 1− 2x and the moments are defined as〈
zk
〉i
M
=
∫ 1
0
dx(1− 2x)kφiM(x) . (15)
Following similar procedures as in the twist-2 case [7], we analyze the twist-3 matrix
elements.
A. The φpM Analysis
It is convenient to write
Op,ak = O
p,a
k,LR − Op,ak,RL, (16)
where
Op,ak,LR = ψLλ
a
LR
[
in·←→D ]kψR, (17)
and similarly for Op,ak,RL. ψL,R = [(1 ∓ γ5)/2]ψ is the left(right)-handed quark field. The
distinction between λaLR and λ
a
RL is only for bookkeeping purposes. We will set λ
a
LR =
λaRL = λ
a at the end.
When a = 3 or 8, Op,ak transforms simply under charge conjugation (C), being even when
k is even, and odd when k is odd. The meson states π0 and η (i.e., M3,8) are C even. Thus
from Eq. (13),
〈
zk
〉p
pi0,η
vanishes when k is odd due to C (and using isospin the same applies
for M = π±). For all a’s the operator would transform as
C−1Op,ak C = (−1)kOp,ak ; (18)
if we demanded that, under the C transformation
λaLR → λaTLR , λaRL → λa TRL. (19)
To construct the corresponding hadronic ChPT operators, we define Σ = exp(2iπaλa/f)
and mq = diag(m,m,mS) = m
†
q. Under a chiral SU(3)L × SU(3)R transformation, we have
Σ→ LΣR†, mq → LmqR† (20)
λaLR → LλaLRR†, λaRL → RλaRLL†. (21)
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Under charge conjugation, Σ → ΣT , mq → mTq , while λaLR,RL transform according to
Eq. (19). At next to leading order (NLO) in the p2/Λ2χ and m
2
M/Λ
2
χ chiral expansion,
Op,ak →
∑
i
ck,iOp,ak,i +
∑
i
bk,iOp,ak,i , (22)
where the O’s are the leading order (LO) and the O’s are NLO. The sum on i runs over
hadronic operators which have the same transformation properties as Op,ak . The ChPT
Wilson coefficients ck,i and bk,i encode physics at the scale p
2 ∼ Λ2χ and the operators
encode p2 ≪ Λ2χ.
At LO in the chiral expansion only one operator contributes in our analysis:
Op,ak,0 =
f pf
8
[
1 + (−1)k
]
Tr
[
λaLR
kΣ† − λaRLkΣ
]
, (23)
where k = (in ·∂)k, f p = f pM in the chiral limit. Op,ak,0 vanishes when k is odd due to charge
conjugation and SU(3) symmetry. The normalization of Op,ak,0 is chosen such that c0,0 = 1.
Note that the operator
Op,ak,1 =
f pf
8
[
1 + (−1)k
]
Tr
[
λaLRΣ
†
(

kΣ
)
Σ† − λaRLΣ
(

kΣ†
)
Σ
]
(24)
is also LO but not independent of Op,ak,0. Since k(Σ†Σ) = 0,
0 = (kΣ†)Σ + Σ†(kΣ) + . . . , (25)
where the ellipse denotes (k−mΣ†)(mΣ) terms that only contribute for matrix elements
with more than one meson. Thus, Eq. (25) allows us to move factors ofk onto a neighboring
Σ and reduce Op,ak,1 to Op,ak,0.
At NLO there are two independent operators:
Op,ak,1 =
f pf
8
[
1 + (−1)k
]
Tr
[
mqΣ
† + Σm†q
]
Tr
[
λaLR
kΣ† − λaRLkΣ
]
, (26)
Op,ak,2 =
f pf
8
Tr
[
λaLR
{
m†qΣ
kΣ† + (−1)k (kΣ†)Σm†q}
−λaRL
{
mqΣ
†

kΣ+ (−1)k (kΣ)Σ†mq} ]. (27)
All other NLO operators have derivatives on more than one Σ, or can be reduced to Op,ak,1
and Op,ak,2 using the equations of motion. For instance, consider
Op,ak,3 =
f pf
8
Tr
[
λaLR
{
Σ†mq
kΣ† + (−1)k (kΣ†)mqΣ†}
−λaRL
{
Σm†q
kΣ+ (−1)k (kΣ)m†qΣ} ]. (28)
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FIG. 1: NLO loop diagrams, where here ⊗ denotes an insertion of Op,ak,0, and the dashed lines are
meson fields.
The sum and difference Op,ak,2 ± O
p,a
k,3 contain factors of (Σ
†mq ± m†qΣ) and (Σm†q ± mqΣ†).
We can trade Op,ak,2 − O
p,a
k,3 for operators with derivatives on more than one Σ by using the
equation of motion for Σ,
Σ†(i∂µ)
2Σ = −(i∂µΣ†)(i∂µΣ)+B0(Σ†mq−m†qΣ) , (29)
together with the analogous equation for Σ†. These operators with derivatives on more than
one Σ do not generate one-meson matrix elements at tree level and can be omitted from
our analysis. Thus only Op,ak,2 + O
p,a
k,3 contributes and for simplicity we trade this for O
p,a
k,2.
We can also insert more Σ or Σ† fields into Op,ak,2 and get Tr
[
λaLRΣ
†mqΣ
†
(

kΣ
)
Σ† + . . .
]
.
But this operator can be reduced to Op,ak,2 using Eq. (25). Finally, we can consider operators
where the power suppression is generated by derivatives rather than a factor of mq. Boost
invariance requires that these operators still have k factors of nµ, so they will involve k just
like the operators we have been considering. To get power suppression with derivatives we
can either use (∂µΣ
†)(∂µΣ) which has derivatives on more than one Σ, or Σ†(∂µ)2Σ which
can be traded for operators with mq’s using Eq. (29). Therefore, the operators with mq’s in
Eqs. (26),(27) suffice.
At NLO chiral logarithms can be obtained from loop diagrams involving the LO operators
as shown in Fig. 1. For k = 0 the operator Op,ak=0 is the pseudoscalar current whose Fig. 1
graphs give the one-loop corrections to f pM . For odd k the one-loop graphs vanish due to
the
[
1 + (−1)k
]
factor originated from C. For any even k > 0 the diagrams have a term
where all derivatives act on the outgoing meson line, and this gives the same corrections
as for f pM . The first diagram could have additional contributions from derivatives acting
inside the loop but it is straightforward to show that these diagrams vanish identically since
n2 = 0, and that the same holds true for LO operators with derivatives on more than one
Σ [8]. Thus, we have shown that all possible non-analytic corrections are contained in f pM
at NLO. This is true for every moment, and so we conclude that the leading order SU(3)
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violation of φpM(x) is analytic in mq.
At NLO theOp,ak,1, O
p,a
k,2 and the wave function renormalization counterterms all contribute:
〈M b|ck,0Z1/2M Op,ak,0 +
2∑
i=1
bk,iOp,ak,i |0〉 = −if pMδab(n · p)k
〈
zk
〉p
M
. (30)
For M = π and K, f pM can be related to f
P
M by relating ψγ5λ
aψ and the derivative of
ψγµγ5λ
aψ in the operator level. Acting Dµ on both sides of
〈M b|ψ(x)γµγ5λaψ(x)|0〉 = −ifPMδabpµeip·x , (31)
then by the equations of motion and Eq.(12) with k = 0, one obtains
f ppi = f
P
pi
m2pi
2m
,
f pK = f
P
K
m2K
m+ms
. (32)
These relations should be reproduced to all orders in ChPT. Indeed, direct computations of
the leading chiral logarithmic corrections of f pM , f
P
M and m
2
M confirm these results. There
is no relation between f pη and f
P
η , however, because
iDµ〈η|uγµγ5u+ dγµγ5d− 2sγµγ5s|0〉 = −2〈η|m
(
uγ5u+ dγ5d
)− 2mssγ5s|0〉 , (33)
which is not proportional to 〈η|uγ5u+ dγ5d− 2sγ5s|0〉 away from the SU(3) limit.
By comparing the k = 0 and k 6= 0 cases in Eq.(30), we obtain〈
zk
〉p
M
=
〈
zk
〉p
0
+ 2
{(
1 + (−1)k)Tr[mq]δab (bk,1 − b0,1ck,0)
+Tr
[
mq
(
λbλa + (−1)kλaλb)] (bk,2 − b0,2ck,0 (1 + (−1)k) /2)}, (34)
where
〈
zk
〉p
0
=
〈
zk
〉p
M
in the chiral limit and 〈z0〉pM = 1 is used.
For k = 2m+ 1 (odd moments), the
〈
zk
〉p
M
structure yields
〈z2m+1〉ppi = 〈z2m+1〉pη = 0,
〈z2m+1〉pK+ = 〈z2m+1〉pK0 = (ms −m)b2m+1,2, (35)
〈z2m+1〉pK− = 〈z2m+1〉pK0 = −(ms −m)b2m+1,2.
For k = 2m (even moments), the
〈
zk
〉p
M
structure yields
〈z2m〉ppi =
〈
z2m
〉p
0
+ 2mαp2m + (2m+ms)β
p
2m,
〈z2m〉pK =
〈
z2m
〉p
0
+ (m+ms)α
p
2m + (2m+ms)β
p
2m, (36)
〈z2m〉pη =
〈
z2m
〉p
0
+
(2m+ 4ms)
3
αp2m + (2m+ms)β
p
2m,
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where αp2m = (b2m,2 − b0,2c2m,0) and βp2m = 2(b2m,1 − b0,1c2m,0). By isospin symmetry and
charge conjugation, the even moments of different pion states (or kaon states) are equal.
Eq.(36) implies a Gell-Mann-Okubo-like relation:
〈z2m〉ppi + 3〈z2m〉pη = 4〈z2m〉pK . (37)
The moment relations imply the LCDF relations in Eqs.(4),(7). They also imply useful
relations among the frequently used Gegenbauer moments, defined by
aM,pn =
2
2n+ 1
∫ 1
0
dxC1/2n (2x−1)φpM(x) , (38)
with aM,p0 = 1. Here C
1/2
n (z) denote the Gegenbauer polynomials which are even (odd)
functions of z when n is even (odd).
φpM(x) =
∞∑
i=0
aM,pn C
1/2
n (2x−1) . (39)
Eqs.(35)-(37) imply that
4aK,p2m = a
pi,p
2m + 3a
η,p
2m , (40)
api,p2m+1 = a
η,p
2m+1 = 0 , (41)
aK
0,p
2m+1 = a
K+,p
2m+1 = −aK
0,p
2m+1 = −aK
−,p
2m+1 . (42)
B. The φσM Analysis
Following the analogous procedures, the twist-3 operator (Oσ,ak )
µν can be decomposed
into
(Oσ,ak )
µν = (Oσ,ak )
µν
LR − (Oσ,ak )µνRL (43)
with
(Oσ,ak )
µν
LR = ψLσ
µνλaLR
[
in·←→D ]k+1ψR (44)
and similarly for (Oσ,ak )
µν
RL. Under charge conjugation,
C−1(Oσ,ak )µνC = (−1)k(Oσ,ak )µν (45)
if we demand λaLR,RL transform according to Eq. (19). At NLO in the chiral expansion, O
σ
k
is matched to LO and NLO hadronic operators Oσk and O
σ
k :
(Oσ,ak )
µν →
∑
i
cσk,i(Oσ,ak,i )µν +
∑
i
bσk,i(O
σ,a
k,i )
µν . (46)
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Again, at LO there is only one hadronic operator
(Oσ,ak,0)µν = fσf24
[
1 + (−1)k
]
Tr
[
λaLR
(
n[ν∂µ]kΣ†
)− λaRL (n[ν∂µ]kΣ)] , (47)
where n[ν∂µ] = (nν∂µ − nµ∂ν). At NLO, there are two independent operators,
(Oσ,ak,1)µν = fσf24
[
1 + (−1)k
]
Tr
[
mqΣ
† + Σm†q
]
Tr
[
λaLRn
[ν∂µ]kΣ† − λaRLn[ν∂µ]kΣ
]
,(48)
(Oσ,ak,2)µν = fσf24 Tr
[
λaLR
{
m†qΣn
[ν∂µ]kΣ† + (−1)k (n[ν∂µ]kΣ†)Σm†q}
−λaRL
{
mqΣ
†n[ν∂µ]kΣ+ (−1)k (n[ν∂µ]kΣ)Σ†mq} ]. (49)
These yield the following relations. For k = 2m+ 1 (odd moments),
〈z2m+1〉σpi = 〈z2m+1〉ση = 0,
〈z2m+1〉σK+ = 〈z2m+1〉σK0 = (ms −m)bσ2m+1,2, (50)
〈z2m+1〉σK− = 〈z2m+1〉σK0 = −(ms −m)b
σ
2m+1,2.
For k = 2m (even moments),
〈z2m〉σpi =
〈
z2m
〉σ
0
+ 2mασ2m + (2m+ms)β
σ
2m,
〈z2m〉σK =
〈
z2m
〉σ
0
+ (m+ms)α
σ
2m + (2m+ms)β
σ
2m, (51)
〈z2m〉ση =
〈
z2m
〉σ
0
+
(2m+ 4ms)
3
ασ2m + (2m+ms)β
σ
2m,
where ασ2m = (b
σ
2m,2 − bσ0,2cσ2m,0) and βσ2m = 2(bσ2m,1 − bσ0,1cσ2m,0). These imply and
〈z2m〉σpi + 3〈z2m〉ση = 4〈z2m〉σK . (52)
In terms of the Gegenbauer polynomials
φσM(x) = 6x(1 − x)
∞∑
i=0
aM,σn C
3/2
n (2x−1) , (53)
such that the Gegenbauer moments are
aM,σn =
4n + 6
6+9n+3n2
∫ 1
0
dxC3/2n (2x−1)φσM(x) , (54)
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with aM,σ0 = 1. Here C
3/2
n (z) is an even (odd) function of z when n is even (odd), thus we
have
4aK,σ2m = a
pi,σ
2m + 3a
η,σ
2m , (55)
api,σ2m+1 = a
η,σ
2m+1 = 0 , (56)
aK
0,σ
2m+1 = a
K+,σ
2m+1 = −aK
0,σ
2m+1 = −aK
−,σ
2m+1 . (57)
The normalization fσM is related to f
P
M for M = π and K. By contracting〈
M b|ψ(x)σµνγ5λai←→D αψ(x)|0
〉
= −1
3
fσMδ
ab (pµgνα − pνgµα) eip·x (58)
with gνα and making use of Dµ〈M b|ψ(x)γ5λaψ(x)|0〉 = f pMδabm2Mpµeip·x, one obtains
fσpi = f
P
pi
(
m2pi
2m
)[
1−
(
2m
mpi
)2]
,
fσK = f
P
K
(
m2K
m+ms
)[
1−
(
m+ms
mK
)2]
. (59)
Direct computations of the chiral logarithms of fσpi and f
σ
K also confirm these results. Again,
fση and f
P
η are not related unless in the SU(3) limit.
IV. THREE PARTON LCDFS
The three-parton LCDF TM for meson M is defined by [34]:
〈0|q¯′(yn) [yn, vyn]σµνγ5gGσρ(vyn)λa[vyn,−yn]q(−yn)|M b(p)〉
= if 3Mδ
ab
[
pσp[µgν]ρ − (σ ↔ ρ)
]
TM(v, yp · n) , (60)
where g is the strong coupling constant and Gσρ is the gluon field strength tensor,
TM(v, yp · n) =
∫
dαe−iyp·n(α
′−α+vαg)TM(α′, α, αg) , (61)
and ∫
dα =
∫ 1
0
dαdα′dαgδ (1− α′ − α− αg) , (62)
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and where α′, α and αg are momentum fractions carried by q¯
′, q and the gluon. For simplicity,
we use the gauge n · A = 0, such that the Wilson lines [yn, vyn] = [vyn,−yn] = 1. After
the operator product expansion, the resulting twist-3 operator is
O3,ak,j =
k∑
i=0
q¯′
(
in · ←−∂
)i
σµνγ5g
[(
in · −→∂
)j
Gσρ
]
λa
(
in · −→∂
)k−i
q , (63)
where we have suppressed the µ, ν, σ, and ρ indexes on the left hand side. Note that O3,ak,j
transforms in the same way as (Oσ,ak )
µν under chiral transformation and
C−1O3,ak,jC = (−1)kO3,ak,j . (64)
Thus the matrix element
〈0|O3,ak |M b〉 = if 3Mδab
[
pσp[µgν]ρ − (σ ↔ ρ)
]
(n · p)k+j
∫
dα (α′ − α)k αjgT (α′, α, αg) (65)
implies
Tpi(η)(α′, α, αg) = Tpi(η)(α, α′, αg) , (66)
TK+(α′, α, αg)− TK+(α, α′, αg) = −TK−(α′, α, αg) + TK−(α, α′, αg) ∝ (ms −m) , (67)
2 [TK+(α′, α, αg) + TK−(α′, α, αg)] = Tpi(α′, α, αg) + 3Tη(α′, α, αg) , (68)
together with TK+ = TK0 and TK− = TK0 by isospin. Eq.(66) was also obtained in Refs.
[33, 34].
The fact that O3,a0,j , (O
σ,a
0 )
µν and Op,a0 transform in the same way under chiral transfor-
mation implies that the normalization constants f 3M , f
σ
M and f
p
M receive the same leading
logarithmic corrections. This is true between f pM and f
σ
M in Eqs. (32) and (59) due to the
similar structures of the corresponding LO operators in Eqs. (23) and (47). Also, at NLO
the ratio
RM =
f 3M
fσM
(69)
satisfies
RK+ − RK− ∝ (ms −m) , (70)
and
4RK = Rpi + 3Rη . (71)
Analogous relations also exist for the ratio fσM/f
p
M at NLO.
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As pointed out in Ref. [34] (see also [30, 33]), the three twist-3 LCDFs are related by
the equations of motion. This implies in ChPT, the counterterms associated with the three
LCDFs are also related. It can be shown straightforwardly that the SU(3) relations presented
in this work are consistent with the constraints imposed by the equations of motion.
V. LATTICE QCD CHIRAL EXTRAPOLATIONS
The first few moments of the twist-2 and twist-3 LCDFs can be calculated using lattice
QCD. Currently only the second twist-2 moment of pion 〈z2〉Ppi is computed [24–26]. The
latest results on 〈z2〉Ppi have converged to 〈z2〉MS (µ = 2.67 GeV2) = 0.280(49)+0.030−0.013 [25]
and 〈z2〉MS (µ2 = 5 GeV2) = 0.281(28) [26] with the lightest mpi to be 490 MeV and 550
MeV, respectively. In these two calculations, and many others, chiral extrapolations to the
physical point mpi = 140 MeV were performed. Thus the model-independent results on the
mq dependence of LCDFs obtained in Ref. [7] and this work are valuable to reduce the
systematic errors in the extrapolations.
A very interesting result we found both in the twist-2 and twist-3 LCDFs is that, in the
continuum, all the moments of those distributions are analytic in mq at O(mq). Remarkably,
this nice feature is retained in a lattice theory with (partially) quenched, finite volume and
the leading finite lattice spacing effects included. It is easy to see why. In all the cases,
the leading logarithms are generated by one loop diagrams with insertion of the LO Ok,0
operator [with the trace replaced by super-trace when (partially) quenched]. These diagrams
correct ck,0 by a universal (k independent) logarithm which can then be absorbed into the
normalization constant. Thus the moments are analytic in mq. This feature, however, is
only true at O(mq). At O(m2q), the m2q ln2mq corrections to ck,0 are generated by two loop
diagrams with insertion of the LO Ok,0 operator. These corrections are k independent and
can be absorbed into the normalization factors. The m2q lnmq corrections, however, can arise
from one-loop diagrams with insertion of the NLO Ok,1 and Ok,2 operators which depend on
bk,1 and bk,2 and correct ck,0 in a k dependent way, thus the m
2
q lnmq corrections cannot be
absorbed by the normalization constants. Generalizing the above argument to O(miq), the
miq ln
imq corrections can be absorbed by the normalization constants, thus asymptotically,
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the LCDFs has the quark mass dependence 1
a00 +
∞∑
i=1
i−1∑
j=0
aijm
i
q ln
j mq , (72)
where a00 and aij are independent of mq.
For different types of lattice simulations, the leading chiral corrections from the one
loop diagrams can still be absorbed into the normalization constants, such that the LCDFs
remain analytic at NLO. Different types of simulations give different normalization constants
and different analytic contributions to the LCDFs. For example, the (2m + ms) term in
Eq.(36) is originated from Tr[mq] in Eq.(34). In the (partially) quenched theory, Tr[mq] is
replaced by Str[mq] which is zero in the quenched theory [35] and is (2msea +ms,sea) in the
partially quenched [36] theory, with mq,sea denoting sea quark masses. It is easy to check
that Eq.(37) still holds in spite of (partially) quenching. As for finite volume effects, the
counterterm structures are the same as those in the infinite volume calculations since the
effects are infrared in origin. Thus in simulations with twisted [37–39] or partially twisted
[40, 41] boundary conditions for fermions, the leading finite volume effects are absorbed by
the normalization constant and the moments are all identical to those in the infinite volume
calculations. For lattice fermions whose chiral symmetry is broken by finite lattice spacing
a, new counterterms in powers of a need to be added to account for the leading finite a
effects. Since these counterterms are SU(3) symmetric, Gell-Mann-Okubo-like relations like
Eq.(37) will still be true. The same is true for mixed action simulations with chiral valance
quarks but Wilson or staggered sea quarks.
1 Consider a generic diagram giving an O(ǫd) contribution to the twist-2 matrix element 〈M(p)|OPk |0〉,
where ǫ ∼ p ∼ mpi. If the diagram has a O(ǫk+1+2n) pionic operator insertion, I internal propagators, L
loops, and Vi vertex of order ǫ
di, then d = k + 1 + 2n − 2I + 4L +∑i Vidi. After using the topological
identity L = I−∑i Vi and removing the ǫk+1 kinematical factor, this diagram gives a O(ǫ2h) contribution
to the moment
〈
zk
〉P
M
with h = n + L +
∑
i Vi (di/2− 1). Since n ≥ 0 and di ≥ 2, h ≥ L. In general,
the diagram has the contribution
∑L
i=0 bim
h
q ln
imq, with the power of logarithm not bigger than L and
mq ∝ √mpi = O(
√
ǫ). The mhq ln
hmq term can only come from the diagram with an insertion of the
LO pionic operator (n = 0) and can be absorbed into the normalization. The arguments can be easily
generalized to the twist-3 cases.
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VI. COMPARISON WITH LIGHT CONE SUM RULE RESULTS
The first few Gegenbauer moments for the octet mesons have been computed using light
cone sum rules [27–32]. The twist-2 moments aM,P2 (defined in the same way as a
M,σ
2 in
Eq.(54)) were determined in different references. Quite different values for api,P2 (µ = 1
GeV), 0.44 [27] and 0.20-0.25 [28], are obtained using light cone sum rules. After combining
these values with various constraints from experimental data [42, 43], a reasonable range is
assigned [43]:
0 ≤ api,P2 (1 GeV) ≤ 0.3 . (73)
For moments of K and η, light cone sum rules of Refs. [32] and [30] yield
aK,P2 (1 GeV) = 0.16 , a
η,P
2 (1 GeV) = 0.2 , (74)
respectively. Since the range of api,P2 is big, the results in Eqs.(73),(74) are still consistent
with the ChPT relation found in Ref. [7];
ρ =
api,P2 + 3a
η,P
2
4aK,P2
= 1 +O(m2q) . (75)
However, this equation could provide a tight constraint among aM,P2 since one expects the
O(m2q) correction to be 10% at most.
As for aK
−,P
1 , recent results yield a
K−,P
1 = 0.05 ± 0.02 [44], 0.10 ± 0.12 [45] and 0.050 ±
0.025 [46]. The positive sign corresponds to the s-quark in a K− meson carrying a bigger
momentum fraction than the u-quark.
In Ref. [32], twist-3 Gegenbauer moments are computed (see also [47]):
aM,p2 = 30η
M
3 −
5
2
ρ2M ,
aM,p4 = −3ηM3 ωM3 −
27
20
ρ2M −
81
80
ρ2Ma
M,P
2 , (76)
aM,σ2 = 5η
M
3 −
1
2
ηM3 ω
M
3 −
7
20
ρ2M −
3
5
ρ2Ma
M,P
2 .
The numerical values of ηM3 and ω
M
3 are independent of M, while ρ
2
M ∝ m2M = O(mq) and
aM,P2 = a
P
2 (1 + O(mq)) with aP2 = aM,P2 in the chiral limit. Eq.(76) satisfies the relations
Eqs.(40),(55) and, hence, is consistent with chiral symmetry.
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VII. CONCLUSIONS
Using chiral symmetry we have investigated the leading SU(3) violation in the complete
set of twist-3 light-cone distribution functions of the pion, kaon, and eta, including the
two-parton distributions φpM , φ
σ
M and the three-parton distribution φ
3
M . It has been shown
that terms non-analytic in the quark masses do not affect the shape, and only appear in
the normalization constants. Predictive power is retained including the leading analytic
mq operators. With the symmetry violating corrections we derive useful model-independent
relations between φp,σpi , φ
p,σ
η , φ
p,σ
K+,K0, and φ
p,σ
K¯0,K−
. We have also commented on the calculation
of the moments of these distributions using lattice method and light-cone sum rules.
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